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High-Frequency Sum-Rules for Classical Relativistic
Plasmas in a Magnetic Field

R. O. Genga'
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High-frequency sum rules for the transverse elements of classical relativistic
plasmas in a magnetic field are derived. The relativistic effect reduces the plasma
mode frequency by a factor of {(y™'(1-0%/3¢?)).

1. INTRODUCTION

In the derivation of the high-frequency sum rules of the full dielectric
tensor {Kalman and Genga, 1986, Genga, 1988a) based on a nonrelativistic
approach, we found that the inclusion of the transverse fields led to the
appearance of contributions of order v*/c* To achieve a consistent treat-
ment it would be of interest to calculate the classical relativistic high-
frequency sum rules using a relativistic method.

The known results pertain to the full dielectric tensor in an isotropic
situation (Genga, 1988b). It is known (Kalman and Genga, 1986) that in
an anisotropic system in the presence of an external magnetic field, the
dielectric tensor has six independent elements and this makes the problem
more complicated. Further, the relationship between the elements of the
external and current-current response function elements and the elements
of the dielectric tensor become quite involved. Finally, the appearance of
the cyclotron frequency renders the structure more complex.

In this work, therefore, I study the high-frequency behavior of the full
dielectric tensor in an anisotropic situation based on a relativistic approach.
I derive the relativistic high-frequency sum-rule expansion up to order w ™.
The method of derivation relies on the Hamiltonian formalism (de Gennes,
1959). As in the previous cases (Kalman and Genga, 1986; Genga, 19884,b),
the particle Hamiltonian is enlarged so as to include the photon degrees of
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freedom; this allows the description of the transverse interaction. In this
situation it is known (Kailman and Genga, 1986; Genga, 19884,b) that in
addition to the particle contribution to the sum-rule coefficients, the photon
gas, coexistent with the high temperature, generates its own contribution.
It is known that the exact evaluation of this contribution is hampered by
two conditions: Thus, (1) the classical ultraviolet divergence requires that
even within the framework of a classical theory one describe the photons
via the quantum Bose-Einstein distribution, and (2) the equilibrium descrip-
tion implies that one single temperature exists for the combined particle-
photon system.

In Section 2, I describe the general relations between the external or
current-current response function sum-rule coefficients and those of the
dielectric tensor. Then the exact w %, 0 >, w *, and » > sum-rule coefficients
for transverse elements are calculated. The long-wavelength limit of the
result is evaluated in Section 3; its possible applications for the dispersion
relation of plasma modes are also discussed in Section 4; the plasma modes
in consideration are the extraordinary and the ordinary modes for propaga-
tion parallel and perpendicular to magnetic field, respectively. I summarize
the results in Section 5.

2. TRANSVERSE SUM RULES

The full dielectric tensor £**(kw) or the full polarizability tensor
a*’(kw) are expressible in terms of the corresponding “external” quantity
a"’(kw) as (Kalman and Genga, 1986; Genga ef al., 1988a,b)

a=a&(A~-a)"'A

A=11-n’T W
1
n=kc/w
T=11-k-k/k’
a"*"(kw) is also known to possess the high-frequency sum-rule expansion
L = (k)
a"'(kw)= - E; ":I‘ﬂ (2)
lo—dd
o 2 Qunk)
&' (kw)=— lgz c’:,‘ﬂ (3)

where the superscript H stands for “Hermitian part of” and prime and
double prime denote ‘“the real part of” and ‘“‘the imaginary part of,”
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respectively. I evaluate the Q coefficients from the relation (Kalman and
Genga, 1986; Genga et al., 19884,b)

A 4me’ d\'""!
nm(k)=”7€m(i5;) GO = (4)
where
Jji =Y vf exp(~ik - x;) (5)

The high-frequency expansions of a(kw) are similar to those ofAci(kw) in
equations (2)-(3), with ,,,(k) replacing the corresponding (k) —s
(Kalman and Genga, 1986; Genga, 1988a,b).

As mentioned in the introduction, the Hamiltonian which takes into
account the description of the interaction of the plasma with the transverse
electromagnetic field must include the photon degree of freedom. Therefore
I have

N 1
H= Z %’mcz"'i‘ 2 V(!Xi_xj')+
i=1

| o
—2~Z (B8, + g°c*a,a,) (6)
i=j q

where

("
yi - CZ

_ [P+iA Y, dgexpliq - x,) —(e/c)A%(x)]/m
{1+(/m* (B +iIA L, dgexp(ig - x,) = (e/ ) A" (x)T}

4\ V2
A= ie(—z)
v

where x;, P, a,, and A%(x;) are the position, momentum, self-consistent
field vector amplitude, and external magnetic field vecior of ith particle,
respectively.
For an anisotropic system, in the presence of external magnetic field,
@& is nondiagonal; hence, both odd and even frequency moments exist.
Finally, we consider a coordinate system in which k= (0, 0, k), i.e., B system.
The first moment leads to

b

(7

Ame?
T Bl (0

2 ~1 __112_ ny
:wp<y (1 3c2>>6 (8)

0% (k) =
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The second moment leads to

A l47T
Q¥ (k)— [(J£(0)5i(0)) — (jt(0)jx(0))]
14 . .
= Bz<(vrv,.V—ik“v,.ﬂvrv;+ik5va;'v¢— VEV?)
ij
xexp[—ik * (x; —x;)]) )
where V¥ is the acceleration of the ith particle in the u direction given by
e Vi . v Vﬁ“){ od
Vi = ov —
= ( 2 Py a exp(iq - x;)
+AZ[V,~><(q><ﬁq)]"exp(iq'xf)+2;(foB°)“} (10)
q
where
== Z V(|x:i —x))
1#_]
) aH BA% 11
i - : )+ v; —— () (1)
9x; ax,- ox;
Thus, equation (9) reduces to
2
Q8 (ko) =22 e< ( 2 )s‘”">B°" (12)
mc 3¢?

third moment yields

Qe k) =47 Bp<J *(0)j(0))

47re

B,,Z((V“V”—i-k KPVEVIVEYY

—zk“V? Vj VE+ik*VEVIVY)

XeXp[_ik'(xi_xj)D (13)
It is also known (Kalman and Genga, 1986, Genga, 1988a,b) that the
presence of the photon degrees of freedom ay, e gives rise to averages of
field coordinates of the form {aja}) and (e“e;‘) In strict thermal equilibrium
these are expressible in terms of inverse particle temperature B8, and radi-
ation temperature B,, respectively, and have to be calculated quantum
mechanically even in the framework of a classical theory as in this case.
By introducing

i 2
c,= ah+ 1/,e“)s

1 Y
73l

wg = qc

(14)
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as a new set of coordinates with polarization vectors s;‘i, and
ni=Cic (15)

identified as the equivalent of the photon number operator, then averages
are obtained by setting (Kalman and Genga, 1986; Genga, 19884,b)

(ng) =[exp(Bhiwg) — 1]
Thus, equation (13) becomes

A 2 2 k2
Q57 (k)= w§<7’_2<1 “L>{5“V +Br T f (i) — 1]+ QLY+ TEY)
K

3c? B.
+—1—}: Lev (S, —-S)+&—1—Z TE Sy _of(x )}> (16)
Nq q k-q q Bqu q ~k—q q
where
k*k”
LiY = e
T{:‘”=6””—-k"l’c”/k2
(17)
X = hoy B,
x
fx)==
e —1

In order for (16) to be acceptable, we argue as before (Kalman and Genga,
1986; Genga, 19884,b) that in the limit k — 0 the distinction between particle
(longitudinal) and radiation (transverse) temperatures is meaningless, hence
B, is treated as a k-independent quantity, such that 8,(k=0)=j,; but
B.(k #0) is unaffected by this condition.

The fourth moment yields

A idme’B, P P
Qf =—2;,~—i2j[<Jk(0)1k(0)>~<Jk(0)sk(0)>]
_i4me’B,
2V

+ KKV VEVIVI 42KV VEVY
+2KKPVEVIV VE— KR VIVIVEVY
HERVEVIVEVIVY - VEVY 4 ikPVEVEVY
—ikVEVEV =K KV VI VEVER 2K VIV VE
—2kKPVIVIVEVI K KVEVIVIVE
—k*KVIVIVIVIVE)) (18)

TAVEV+ikPVEVIVE— ik ViV VE
i
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Using the same arguments as those used in the evaluation of 04%(k) above,
we find that equation (18) reduces to

A i3w2eB
Q8 (K) =222 (y [ (e"Pk" + =Pk )k® + £"7k%])
m*B,c
iw:eBOP< —5[4 p.vp+ 1 Z(S S )(st p,5g+L5p. 5Vp)
—— Ay € — . € £
Imc N 5 k—q q q q
+ (2" + T e™ + Tﬁ"s”ap)sk_q:l> (19)

3. LONG-WAVELENGTH LIMIT

In the long-wavelength (k- 0) limit, the elements of the frequency
moments are as follows:

3¢

Al12 A 21 22 2 V2

Q3°(k) = —Q3 (k) =iw, O ¥ 1—5 e cos 0

Q1K) =} {1+—( 5 BoE. ) L
ptcorr B‘: h3c3

T 202
+— + K’ 2l1-=
><[45 37 9" 30, 3057 5614262 ]}< (1 3c2>>

02K =07 (k) =0

2 B
2(k =wi 1+ (1 - BI,ECO,,> +m

[Z—+ 01 (5G1+262)k2]}< 2(1~%)> (20)

N k? 4 B
Q3(k) =w:{1+P<3 +E B,,ECO,,) B ﬁ"s 5

| e L Gt 56 +G)k2]}< (1—zi)>
45 372 0 30427 0 7 3¢?

QL) =-03'(K) = izw“Q{H1 (3_33 E ) L S
P 2 15 pcor K2 ZB nh
w

S 1 _
x[—9—+? GO+%:T—2(ZSG,+9GZ)k2 }('y Y cos 0
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A l 3
02(k)=-0¥(k) = i2w;Q{ 1 +5 (6+E .BpEcorr)

kK B
St p3 3
K° 2Bmh’c
5

a’ 1 5 .
x[—9—+—3—77—2GO+W(25G1+8G2)k2 (¥ sin @

where E.o.., Gy, G, G,, °, and § are defined as follows:

n 4me’

Eco"=5‘—/z 7 g, (V is the volume of the system)

»

Go= | dxx’f(x)ng,
) 19
G = | dxx’f(x)—— ng,
q9q

" 2

F
G,= dxxzf(x)a—qzngq (21)

k*=4me’nB, (7 is the particle density)
(¢}
Q =2 (the electron cyclotron frequency)
mc

4. RELATIVISTIC EFFECTS ON PLASMA DISPERSION

As mentioned in the introduction, the high-frequency modes of interest
are the “ordinary” and the “‘extraordinary” modes. The extraordinary mode
of interest is the one with cutoff frequency

Q 402\
1+{1+—=2
(%) ]

these modes are considered when the direction of propagation is along and
perpendicular to the magnetic field. We use a coordinate system where
k=(0,0, k) and B°=(BY, 0, BY), i.e., the k system.

4.1. Ordinary Mode

For paraliel propagation the ordinary mode does not exist; instead,
we have a longitudinal mode which oscillates at the plasma frequency. The
dispersion relation which determines the behavior of longitudinal plasmons
is given by

e3(k) =14+ a3;(kw) =0 (22)
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After applying a small perturbation (Kalman and Genga, 1986; Genga,
1988a,b) to the dispersion relation, we find that the ensuing plasmon
frequency is given by

2
K 3¢?
where
1 ,Bp
AL(Y,B) 3+ ﬁp corr 30 Zﬂ h3 3(5G1+G2) (24)
S|
Culn )= ’3;;3 3(1’5 - Go) (25)

For propagation perpendicular to the magnetic field, the ordinary mode
exists and the dispersion relation which determines its behavior is given by

(511_"2)=0 (26)

The ensuing frequency of the ordinary mode in this case can be written as

2=wf,[1+CL+(c—22+AT>k2]< (1—%”—>> (27)
w, 3¢?

By’
Wpire 001 +2G) (28)

where
2
AT(y9 Br) =1 _E BpEcorr+

4.2. Extraordinary Mode

For propagation along the magnetic field the dispersion relation which
determines the behavior of extraordinary mode is

(911—"2)2_'9%2:0 (29)

This leads to the ensuing expression for the frequency of the extraordinary

mode:
2 4 2
1 2
02(k) = w§[1+"’—§ CL+— (c2+3‘§ AT>k2}<y‘2<l ——”;>> (30)
Wy w, w3 3¢
In the case of propagation perpendicular to the magnetic field we find that
the dispersion is given by
(322‘r2)833‘3§3:0 (31)

which leads to the frequency

2 1 20 A, 292
wz(k)=w§[1+—w’2’ C,_+———2(02+ "’;’—-2)1(2 <y-2(1———”2)> (32)
w5 2w, w5 K 3¢
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where

2
K
P i (10G143G;) (33)

1
A, =2+—B.E ..+
15 By 607°B

5. CONCLUSION

The frequency of the relativistic modes in consideration are reduced
by a factor (y"'(1-v°/3¢%)) as in the magnetic field free case (Genga,
1988b). The effects of finite radiation temperature on correlations remain
the same as in the results based on the nonrelativistic approach (Genga,
1988a).
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